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1 Review of previous arguments about
magnetic monopoles and charge quantization

Abstract —
Why do all electrons have the same charge and why
do all protons have exactly the opposite charge? Dirac
provided a possible answer by proposing the existence
of magnetic monopoles.

No magnetic monopoles have ever been found, despite extensive experimental searches [5][11][25][26]1 . There are
nevertheless three reasons why many people believe (or
hope) that monopoles exist:

We propose a simple possible topological explanation
of why charge is quantized, involving a tiny permanent
magnetic field trapped in the topology of the universe.
The idea apparently works for every possible compact
3-manifold topology for the universe except for the 3sphere S 3 and elliptic 3-geometry. This picture does not
need to assume magnetic monopoles exist, and indeed
looks incompatible with their existence.

1. The quantization of charge would be explained (§1.2)2 .
1 Cabrera [11] found a single monopole candidate event with his superconducting magnetic loop detector in 1982. It was consistent with
a Dirac monopole (EQ 4) with Z = 1. However, this observation has
never been reproduced despite running much bigger and better detectors for longer, and Schwinger’s theoretical arguments [73] suggest
that Z must be a multiple of 4. Hence this candidate event is regarded
as dubious. A possible future monopole search might be conducted
with huge superconducting loops placed somewhere cold in the outer
solar system.
2 “Kaluza-Klein theories” [43][45][70][7][86][21] postulate extra
“compact” dimensions of space. The simplest K-K theory involves
one extra 5th “cylindrical” dimension, which has the same circumference everywhere (of order the Planck length). The electromagnetic
potential 4-vector Aµ is actually the 5th row of the metric tensor gαβ
(except that we impose the demand that g55 be a constant).
Supposedly, in K-K theory the Einstein equations obeyed by gαβ ,
under certain assumptions about “how things look” in the 4D “projection” when we “average over microscopic details in the 5th dimension
x5 ” and assume gαβ does not depend on x5 , yield the usual 3+1D
Einstein gravity equations as well as the Maxwell electromagnetism
equations, at least in vacuum. Electric charge in K-K theory is actually momentum in the 5th dimension. Clockwise motion around the
extra dimension corresponds to positive charge; counterclockwise to
negative. Charge reversal and parity reversal are the same thing (and
it seems to be difficult or impossible to incorporate parity violation
into a K-K theory). Charge conservation arises from conservation of
momentum. Angular momentum conditions lead to charge quantization automatically [45]. My brief examination of K-K theory suggests
that it is quite complicated and the fundamental claims above have
not been justified rigorously, nor has a careful examination of the
fundamental assumptions behind K-K theory been made (e.g.: which
ones are really necessary?).
Certain GUTs also yield charge quantization automatically; thus on
p.430 of [13]: “whenever the unification gauge group is simple, charge
quantization will follow... because the eigenvalues of a simple nonAbelian group are discrete while those corresponding to the Abelian
U (1) group are continuous. For example in SO(3) the eigenvalues of
the third component of angular momentum can take on only integer
or half integer values while... [for] U (1) symmetry of translation invariance in time... no restriction...” Although I do not understand

Which topologies for the universe are consistent (or
not) with laws of physics? We present an argument that
all orientable 3-manifolds should be consistent with a
very wide class of possible laws of physics; but almost
all n-manifolds for each n 6= 3 won’t be. This is perhaps
a “reason the world is 3 dimensional.”
Next we argue that if point monopoles exist, and
Dirac’s wave equation of quantum mechanics in static
(scalar and vector) potentials holds, then a contradiction arises. Hence monopoles cannot exist – or: they
are not points; or: Dirac’s equation for quantum mechanics is not correct. Meanwhile non-point monopoles
lead to other unpalatabilities or contradictions.
Hence there are reasons to prefer our topological explanation of charge quantization to Dirac’s monopole
hypothesis.
(In the event that non-point monopoles do exist, we
show how, by very elementary reasoning, to deduce certain of their properties, e.g. their moment of inertia.)
Keywords — Monopoles, Dirac, topology of the universe, dimensionality of the universe, combing hair on manifolds, charge
quantization, Hopf fibration, moment of inertia.
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2. Maxwell’s equations would get a new symmetry (§1.1).

Define the “SIpole,” a new SI unit (pending approval!) of
magnetic charge, as follows: “One SIpole is the amount of
magnetic charge that would experience a force of 1 Newton
if placed in a 1 Tesla magnetic field.” (Note, 1 Coulomb
is the amount of electrical charge that would experience
a force of 1 Newton in an electrical field of 1 volt/meter.
1 SIpole= 1meter×Coulomb/second.) The Maxwell equations with monopoles then are

3. The simplest Grand Unified Theory [29] predicted
>
the existence [68][80][13] of monopoles of mass ∼
1016 GeV/c2 ≈ 2 × 10−11 kg. (Actually, ’t Hooft [80]
had claimed the mass would only be at most about
7TeV/c2 , but his calculation was silently ignored by
all later authors, who said 1016 -1017 GeV/c2 .) After SU(5) GUT was refuted by proton lifetime measurements [9]3 , other “supersymmetric GUT” theories
and “superstring” theories were devised which continue
to predict monopoles, although now of larger masses
>
∼ 1017 GeV/c2 . These GUT monopoles are predicted
to have at least twice Dirac’s minimal magnetic charge
value (EQ 4).

~ ·E
~ = ρe /ǫ0 , ∇
~ ·B
~ = ρm µ0 ,
∇
~ ×E
~ +B
~˙ = µ0 J~m .
~ ×B
~ − c−2 E
~˙ = µ0 J~e , ∇
∇

1.2

Charge quantization

The argument that the existence of even one magnetic
monopole anywhere in the universe would imply (to keep
physics self consistent) the quantization of both electric and
magnetic charges (thus explaining the facts that all electrons have the same charge, and that protons and electrons
have exactly opposite charges) is due to P.A.M.Dirac [19].
There are three ways to look at this argument.
1. An integration first performed by J.J.Thomson [82]
shows that the angular momentum
Z ∞Z ∞ Z ∞
1
~ ×B
~ d3~r
~
~r × E
(2)
A=
cµ0 −∞ −∞ −∞

Maxwell’s equations

Maxwell’s equations feature some remarkable symmetries
(e.g. they are invariant under Lorentz transformations, as
well as a much larger, albeit lesser known, continuous group
of symmetries discovered by Cunningham [16] in 1910). But
they are not symmetric under the interchange of electricity
and magnetism. By introducing magnetic monopoles we
gain such a symmetry5 .

~ = µ0 g~r/(4πr3 ) of a point
arising from the magnetic field B
~ = q~r/(4πǫ0 r3 ) of a
monopole g and the electric field E
~ = qgµ0 /(4π), where A
~ points from
point charge q, is |A|
the charge toward the monopole, regardless of the distance
between them. If one assumes that this angular momentum
is Zh̄ where Z is an integer, we conclude that

this, note that it is demonstrated by a logical pathway that does not
ever involve a monopole. That gives one the impression that it might
be possible to explain charge quantization without either our picture,
or monopoles. But, Georgi and Glashow [30] clarify that magnetic
monopoles exist “in gauge theories based on simple groups.” Therefore, that impression was misleading. If we ignore GUTs and restrict
ourselves to presently well accepted physical theories, then Dirac’s and
mine are the only explanations I know of.
3 According to the 1999 summary of particle data by the Particle
Data Group, the mean proton lifetime for decay into a neutral pion
and positron is > 5.5 × 1032 years with 90% confidence. Ongoing
measurements by the super-Kamiokande detector should increase this
bound by an order of magnitude; indeed an unsubstantiated claim is
made on the super-K web page that the proton lifetime is now known
to exceed 1033 years.
4 In that case my objections at least serve to focus attention on
how major consequences can follow from as yet unknown and speculative physical laws in regimes of the very small. Also, the possibility
and perhaps desirability of abolishing monopoles will now give more
freedom to the creators of GUTs.
5 This gain comes at the cost of invalidating the “PT” symmetry
arising from space inversion and time reversal [71] – but the “CPT”
symmetry, also incorporating charge reversal for both magnetic and
electric charges, would remain valid. The gain is greater than the loss,
because actually we also would gain a continuous symmetry allowing
not only the interchange (with appropriate unit conversion and sign
~ → cB,
~ cB
~ → −E,
~ cJ~e → −J~m , J~m → cJ~e ) of magnetic
changes: E
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(1)

~ and B
~ are the electric and magnetic fields, J~e
Here E
~
and Jm are the current densities for electric and magnetic
charges respectively, ρe and ρm are the charge densities,
µ0 = 4π × 10−7 Henry/meter is the permittivity of free
space, and ǫ0 µ0 = c−2 where c = 299792458meter/second is
the speed of light. The Lorentz force experienced by an elec~ v ×Bq.
~ The
tric charge q moving with velocity ~v is then Eq+~
−2
~
~
neo-Lorentz force on a magnetic charge g is Bg −c ~v × Eg.

In the present paper, we are going to show how to explain charge quantization without any need for monopoles.
We are going to argue for this new explanation of charge
quantization, and against monopoles:
Our new explanation removes rationale #1. We’ll show
that monopole existence would lead to contradictions in
present physical laws – undercutting rationale #3 to the
extent that present day physical theories are regarded as
correct. Of course if they are regarded as overruled by
GUTs (at least in appropriate regimes) my objections too
are presumably overruled – but still interesting4 .
1.1

Smith

qg =

h
Z.
µ0

(3)

Assuming the electric charge quantum is e ≈ 1.602 × 10−19
coulomb (i.e. the electron charge)6 , the quantum of magnetic charge is
g=

h
Z ≈ 3.29106 × 10−9 Z SIpole.
µ0 e

(4)

~ →
and electric fields and charges, but in fact any 2D rotation E
~ cos θ + cB
~ sin θ, cB
~ → cB
~ cos θ − E
~ sin θ, cq → cq cos θ − g sin θ,
E
g → cq sin θ + g cos θ among them (the interchange arising as the
special case when the rotation angle θ is θ = π/2) [40].
6 Actually, quarks have charges that are integer multiples of e/3.
This would cause the quantum of magnetic charge to be 3 times larger.
However, it is generally conjectured to be impossible to isolate a free
quark (or anything of nonzero “color” or subintegral charge) more than
at most .86 × 10−15 meter away from other quarks which neutralize
these anomalies.
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2. During a flyby of a charge q past a fixed monopole g the
charge will be pulled by Lorentz forces in the manner of a
“twist,” in such a way that the total angular momentum
it acquires is 2qgµ0 , regardless of the charge’s velocity, its
mass, and the minimum distance between the two [13]. Assuming this increment in angular momentum is quantized
in units of h̄ again leads to (EQ 3).
3. Consider [19][13] the Dirac wavefunction of an electron
in the presence of a point monopole. Dirac’s quantum relativistic equation is actually inapplicable in this situation
because it7 involves a “vector potential.”
However, Dirac argued that a smooth vector potential can
be created that will work everywhere except on one point
on each sphere that encloses the monopole. His approach
may be thought of as regarding the monopole as one end of
a very long and very thin solenoid, and taking the limit as
this solenoid becomes infinitely long and thin (Dirac calls
the resulting mathematical object a “string”). The vector
potential is singular on the curve describing this solenoid.
Dirac then wanted the charge not to “see” the solenoid
and wanted the wavefunction to be independent (except for
symmetries which do not matter) of the solenoid’s location.
He argued this and an assumption of continuity would force
the “Aharonov Bohm phase shift” arising for a trajectory
enclosing the string, to be an integer multiple of 2π; this
led to (EQ 3). The precise argument is given in [13]; for
the analogous argument in the present paper’s alternative
topology-based charge quantization explanation, see §??.
Later Schwinger [73] attempted to formulate a theory of
(or at least, some constraints on a theory of) relativistic
quantum mechanics which would work in the presence of
monopoles. In order to remove “arbitrariness in physical
predictions” in relativistically invariant “photon exchange
between different source types,” he deduced that Z in (EQ
4) must be a multiple of 4.
2

nian n-manifold.” Until §5, We will mostly ignore the fact
that, in general relativity, space and time are in fact inseparably entangled to form a 3 + 1D Lorentzian manifold. As
a partial compromise, we will allow thinking of the Riemannian 3-manifold as slowly varying with time.
2.1

The argument in a 3-Torus universe

A simple reification of our idea is a 3D “flat torus” universe
T 3 = S 1 ×S 1 ×S 1 , i.e. a Euclidean box with sides L1 , L2 , L3
with “wraparound” periodic boundary conditions. Assume
~ in the L3 direction.
there is a constant magnetic field B
~
(Of course, any constant B-field is an exact solution of the
vacuum Maxwell equations in this 3-torus.)

L2
2
3
B

L1

1

L3
Figure 1: Rectangular 3-Torus universe with constant
~ Consider a charge q moving on
trapped magnetic field B.
trajectory 1 around the universe (and returning to its starting point). Other possible trajectories are 2 and 3.
Assume a charge q moves along some trajectory up
through the upper box face (coming back again through
the bottom face) eventually returning to the same location
it started. The total momentum transferred to the charge
by Lorentz forces is qBL1 in the L2 (transverse) direction.

Our alternative: Charge quantization from
topologically trapped magnetism

(e.g.: the 3D surface S 3 of a 4D sphere, or a 3-torus S 1 × S 1 × S 1 ,
or a finite-volume hyperbolic 3-manifold) versus whether it is infinite spatially at any particular time (e.g.: euclidean 3-space R3 , or
3D hyperbolic space H 3 , or an “infinite cylinder” S 1 × R2 ). It is
presently totally unknown what the topology of the universe is – the
best that can be said [49][76] is there are unreliable statistical indications disfavoring universes with positive overall curvature (e.g. S 3 ).
The question of whether the universe is spatially compact is totally
unknown.
Other, bizarre, possibilities are also thinkable: boundaryless 3manifolds of finite volume but nevertheless noncompact [1], i.e. having
unboundedly large distances! I’ll now demonstrate how to construct
such universes. Consider a 4D convex polyhedron all of whose vertices lie on the 3D surface of a ball in R4 . (The simplest example:
a 4-simplex, the convex hull of 5 generic points on a sphere in R4 .)
The 3D surface of such a polyhedron is – if the interior of the ball
is now regarded (via the “projective,” also called “gnomonic,” model
of hyperbolic space) as hyperbolic 4-space – a hyperbolic (i.e. negative constant curvature) 3-manifold of finite 3-volume. But as you
approach the vertices of the polyhedron, you get infinitely far from
everything else in the hyperbolic metric. (Note, the “edges” of the
polyhedron are invisible to the intrinsic surface metric.) The whole
theory of the present paper probably would allow many noncompact
manifolds (including these) too, but I have not examined that question.

It is possible to make a similar argument, but without any
need to assume a monopole exists, by assuming a “topologically trapped” magnetic field in the universe. I will prepare
the ground by describing easy-to-understand special cases
of my idea in §2.1-2.4, then give a fully-rigorous and general
description in §2.5.
Throughout this paper, when we speak of “topology of
the universe” we shall mean 3D spatial topology, regarded
as a 3-manifold. Definition: In this paper “n-manifold”
means “smooth compact8 connected boundaryless Rieman7 If the B
~ field is allowed to have nonzero divergence, no such potential exists. The experimental confirmation of the “Aharonov-Bohm
effect” tells us that a vector potential really is needed in quantum mechanics, so we have no clue how to proceed without it.
8 Throughout this paper we’ll assume a compact (i.e. spatially
closed & finite) universe. It is unknown if the universe actually is
spatially closed & finite. By “closed” here, we do not mean the same
thing as cosmologists mean. we mean what mathematicians mean.
Cosmologists mean: rebounding to a “big crunch.” We do not care
whether the universe crunches or expands forever. What we care about
is whether the universe is finite in spatial extent at any particular time

DocNumber

Smith

3

. 2. 1. 0

Monopoles

typeset 563 May 1, 2004

The important thing to notice is that this transverse momentum formula holds regardless of the charge’s mass, its
velocity, and its trajectory ~x(t) (provided it has “unit winding number;” otherwise we have to multiply by an appropriate integer).
Hence with respect to a fixed observer in the center of the
box, the charge has acquired angular momentum increment
qBL21 /2. If this is quantized in steps of h̄, then q must be
quantized in steps of
2h̄/(BL21 ).

(WRONG)

remain invariant no matter which cross section one were
on. (Anyhow, it would suffice logically for just one closed
trajectory to work, since we could consider moving a charge
along a path P until reaching the approved trajectory, using
it, then moving back along P −1 .)
Indeed we are going to show in §2.5 that the same argument will work in any 3-torus, not just these “standard
flat” ones – and also in other topologies besides tori.
2.2

(5)

Some physical remarks

Physically, one would certainly expect some topologically
trapped magnetism in any universe in which it is topologically possible – i.e. it would be surprising to have none.
~
My trapped B-field
hypothesis seems incompatible with
Dirac’s hypothesis monopoles exist, since a monopole could
~
keep accelerating along the B-field
loop forever, sucking up
energy forever. The “potential energy” associated with the
~
B-field
would be nonconservative. It seems that a gas of
monopoles in such a universe could keep getting hotter and
hotter forever, with conservation of energy being disobeyed.
To avoid this, we must abolish monopoles. (Presumably the
~
universe is free of trapped E-field
for the same reason.)
The total energy of a single flux quantum B-field trapped
in our L1 × L2 × L3 model universe is

We have deduced charge quantization.
Actually, though, it is wrong to rely on angular momentum. Angular momentum is not a well defined concept in a
compact, not rotationally symmetric universe. For example
its sign depends on “which way the observer is looking.”
Also, if the observer looks “several times round the universe” he can artificially lengthen the moment arm and get
an infinite number of different angular momentum values.
It is better to rely on the fact that momentum itself has a
quantal property in a compact universe, namely there have
to be an integer number of De Broglie wavelengths λ = h/p
on a suitable path round the universe in the direction of
that momentum p~. With p = qBL1 , we find that L2 p must
be h times an integer, therefore charge must be quantized
in steps of
h
h
=
(6)
BL1 L2
Φ

Emag =

B 2 L1 L2 L3
h2 L 3
=
.
2µ0
2µ0 e2 L1 L2

(7)

For comparison, the total energy of a single photon with
wavelength L is hc/L. Observe that if L1 = L2 = L3 = L,
then the former energy is h/(2µ0 c) = 4/α ≈ 34.25 times
the latter, i.e., of the same order. This holds regardless of
the size of the universe. This perhaps provides a somewhat
better explanation of “why the trapped field is there” than
merely “because zero is an infinitely unlikely real number.”
Namely: suppose the universe was created with approximately 1 photon worth of energy in each low-frequency EM
mode. Then if we regard constant B-field as the lowest frequency “mode” we get the right order of magnitude answer.

where Φ = BL1 L2 is the total magnetic flux “round the
universe.” Note, if the quantum of charge is assumed to
be the electron’s charge e, and L1 = L2 = 1010 lightyears,
the the flux round the universe must be an integer multiple
of the “flux quantum” Φ0 = h/e ≈ 4.136 × 10−15 Weber
and the trapped magnetic field of the universe must be (an
integer multiple of) B = h/(eL1 L2 ) ≈ 4.6 × 10−67 Tesla.
Thus, an undetectably small B-field suffices to do the job.
(Cf. [88] for the best known observational upper bound
3 × 10−15 Tesla.)
Note that there is no need for the universe to be a rectangular box – any parallelipiped would do.
Now suppose this universe expands, i.e. L1 , L2 , and/or
L3 increase. Are we then going to get a quantum of charge
that depends on the time-varying size of the universe?
(Bad!) No.
As the Lk increase, B must decrease in such a way that
Φ = BL1 L2 remains constant. This is because the number
of “lines” of magnetic flux must be fixed – lines cannot be
created or destroyed since they must be closed loops and can
have no endpoints in the absence of magnetic monopoles.
(Each “line” represents a fixed infinitesimal amount of magnetic flux.) More precisely: electric currents can (and will)
create new closed B-field loops, but such loops must be
homotopic to the identity, i.e. contractible to nothing. Uncontractible loops such as ours are “trapped” and can’t be
created or destroyed. Hence the charge quantum (EQ 6)
would not be affected.
One could similarly argue that were our torus universe
“wider” in some places than in others, BL1 L2 would still
DocNumber

Smith

2.3

Analogue of Dirac’s “string” argument

We have seen that trying to argue about angular momentum runs into difficulties. Trying to argue about ordinary momentum works for the flat 3-torus universe, but
gets tricky when one tries to consider general curved 3manifolds. So then I was pulled toward Dirac’s own notion
(cf. #3 of §1.2) that the best kind of argument depends on
(1) the continuity of physics – under infinitesimal perturbations, observable effects should change infinitesimally – and
(2) the Aharonov-Bohm phase-angle shift.
This Dirac-like idea does work and seems the clearest and
best way to proceeed, but even here there are some traps
to snare the unwary. E.g., in the 3-torus example we just
~
discussed, one can explain the B-field
as being generated by
~
~
~ = B.
~ Thus the constant
a “vector potential” A with ∇ × A
~
horizontal field B = (1, 0, 0) could be thought of as due to a
~ = (0, 0, y). Note that this A
~ field necesvector potential A
sarily has some discontinuities if we consider it “wrapped”
4
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into the flat 3-torus, e.g. we could make it discontinuous
on the plane y = L1 (which by vertical “wraparound” is
~ works everywhere
the same as the plane y = 0) but this A
else. One might then imagine making some kind of chargequantization argument by considering electron trajectories
which cross or go near this discontinuity-plane. But this
approach does not work ! There are several reasons. First,
~ = (0, −z, 0) also works to explain B
~ = (1, 0, 0) = ∇
~ × A.
~
A
This has an entirely different natural discontinuity plane
(z = L1 or z = 0). It seems as though one can always use
~ to make it stay continuous in any neighgauge freedom in A
borhood of whatever electron trajectory one is considering.
~ is continuous and well behaved everywhere in
Second, A
the covering space (here R3 ) of our manifold. These facts
seem to prevent making any argument about discontinuities
~
or singularities in A.

that θ must be an integer multiple of 2π. This yields our
usual quantization condition EQ 6.
2.4

III
II

L2

I
L1
~ is perpenFigure 2: Rectangular 2-Torus; magnetic field B
dicular to the plane of the figure. Consider the electron
trajectory shown dashed. Regard it as infinitesimally close
to the boundary of the rectangle.
The point is that this avoids employing any
R vector po~ as in the usual expression θ = (e/h̄) A
~ · d~ℓ.
tential A
Now in our flat 3-torus universe example, simply consider
the electron trajectory in figure 2. Obviously, this trajectory encloses a topological disk passing flux Φ = L1 L2 B.
Therefore, the Aharonov-Bohm phase shift angle is infinitesimally close to θ = eΦ/h̄. But, also obviously, this
trajectory should have Aharonov-Bohm phase shift angle
infinitesimally close to zero, because of our assumption of
the continuity of physics, and the fact that any phase shift
on part I of the trajectory should be exactly canceled by
the phase shift experienced on the (infinitesimally nearby,
and opposite) part III; and similarly II and IV should cancel. The only way to resolve this contradiction is to demand
DocNumber

But the argument does not work in a 3-sphere universe

It is possible to make a nontrivial topologically trapped
~
constant B-field
on a 3-sphere S 3 (I.e. a nonzero exact
time-independent solution of Maxwell’s vacuum equations).
There is a topologically unique way to do this, called the
“Hopf fibration” (described below). However, it turns out
that the total Lorentz momentum increment experienced by
an electron on a closed trajectory in this universe, is always
zero – and no interesting deductions can be made by considering the Aharonov-Bohm phase shift and continuity –
so neither approach to deducing charge quantization works.
The Hopf fibration ([85] p.103-108; [37][32]) is best described using “quaternions.” Quaternions are like complex
numbers except they are 4D instead of 2D because there
are 3 square roots of −1 (called i,j,k) not just one root i.
Arithmetic: ij = −ji = k, jk = −kj = i, ki = −ik = j,
ijk = i2 = j 2 = k 2 = −1. Quaternion addition is an
abelian group, and multiplication of nonzero quaternions is
a noncommutative group (indeed {i, j, k, 1} either commute
or anticommute), and the distributive law holds. Quaternions Q = a + bi + cj + dk (a,b,c,d, real) have “norm”
|Q|2 ≡ a2 + b2 + c2 + d2 and norms are multiplicative. Multiplication by a fixed unit-norm quaternion performs a rigid
rotation on 4-space.
We now are ready to describe the Hopf fibration on the
3-sphere |Q| = 1.
If you rotate a 4-vector by rotating in the (1, i) plane
by i (90 degrees) and rotate in the (j, k) plane by i (also
90 degrees), then the resulting vector is orthogonal to the
original vector, no matter what that original vector was.
(In contrast it is impossible to devise a fixed 3D rotation
with this property, since any 3D rotation leaves its “pole”
unaffected. Indeed, this is impossible in all odd dimensions
by an eigenspace argument, but plainly possible in even
dimensions.) Thus if Q is a unit-norm quaternion, then iQ
is also, and (iQ) · Q = 0 where · denotes the ordinary real
4-vector inner product.
Geometrically this means iQ is a continuous unit 4-vector
field tangent to the 3-sphere |Q| = 1. I.e. you can “comb
the hairs on a 3-sphere.” This combing is called the “Hopf
fibration9 .” It has some remarkable properties, e.g. every
flowline of the vector field is a great circle geodesic; any two
such circles are linked; any two of the circles are “parallel”
in the sense that they are at a constant distance from one
another. It is the unique10 fibering of S 3 into S 1 ’s in the
sense that any other one on any other S 3 is diffeomorphic
to the Hopf fibration of the standard round S 3 .

The right and maximally simple approach, which avoids
all that mess, is to base everything on the following:
~
A-free
formulation of the Aharonov-Bohm phase
shift principle: Suppose an electron travels along a closed
path ∂D that may be regarded as the boundary of a
topological disk D. I.e., D is homeomorphic to the set
{(x, y) such that x2 + y 2 ≤ 1}, and ∂D is homeomorphic to
{(x, y) such that x2 + y 2 = 1}. Then the electron’s wave
function will be multiplied by a complex phase eiθ where
θ = eΦ/h̄, where e is the electron charge and Φ is the magnetic flux “through the loop,” i.e. crossing D.

IV
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9 Of course, we could have used vQ instead of iQ, where v is any
unit-norm quaternion with zero real part.
10 This uniqueness may be shown with the aid of the fact that any
fibration of S 3 into S 1 ’s must have base space S 2 (for S 3 to be simply
connected, the base must be also, hence by Poincare’s proof of the 2D
version of the generalized Poincare conjecture, it must be S 2 ) and the
“classification theorem for fiber bundles” mentioned in section 24.4 of
[20]. But there are smooth nowhere zero flows on the 3-sphere with
no periodic orbits [48].
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In contrast, you cannot comb the hairs on a basketball (2sphere) [66][23][59]11 ; but you can of course on a 1-sphere.
Hence if the universe were a 3-sphere and had a magnetic
field along the Hopf fibration, this magnetic field would be
~
“topologically trapped” and unable to go away. This Bfield also is an exact solution of the time independent source
free Maxwell equations, indeed essentially the unique one
[36][32], so it will stay there.
Unfortunately, if a charge q moves around a great circle geodesic of the universe, say the equator in the (1, i)
~
plane, then the B-field
will be everywhere tangent to the
trajectory, and hence the charge will acquire momentum
increment 0. In other cases such as the great circle in the
~
(1, j) plane the B-field
will be everywhere orthogonal to the
trajectory, but rotating around it in such a way that the net
effect is still zero. The fundamental reason for all the zeros
is that every closed trajectory is contractible.
Yet another remarkable property of the Hopf fibration
(viewed as a magnetic field) is that it is (up to a constant
factor) its own vector potential, i.e. its curl is itself.
All of the above argument concerning S 3 and the Hopf
fibration also applies to 3D elliptic geometry (i.e., S 3 with
antipodal points identified).
2.5

locally) of some “potential” field Φ obeying Laplace’s equaR
~ 2 d3 volume
tion ∇2 Φ = 0. But minimizing energy |∇Φ|
yields solutions of Laplace’s equation. QED.
Theorem 2 (Charge quantization) In any 3-manifold
containing uncontractible closed loops, there are connected,
but non-simply-connected, 2D submanifolds S. Under the
assumption that Aharonov-Bohm phase shifts vary infinitesimally if the electron’s trajectory is varied infinitesimally,
we conclude that electron charge must be an integer multiple
of h/ΦS (or equivalently if the electron charge is regarded
as fixed, that ΦS must be an integer multiple of the flux
quantum Φ0 ).
Proof. Consider an electron trajectory corresponding to
the boundary ∂D of a topological disk D consisting of all
S except for an infinitesimal amount. We find that the
amount ΦS of magnetic flux passing through S must be
an integer number of flux quanta Φ0 , implying that charge
must be quantized in steps of h/ΦS . (Should all be obvious
after following the flat torus argument in §??13 ). QED.
2.5.1

Some remarks

Remark. Poincare’s conjecture (one of the biggest open
problems in topology) states that a compact simply connected 3-manifold is homeomorphic to the 3-sphere.
Generalizations of the Poincare conjecture to n-manifolds
have been proven for n = 2 (H.Poincare), n ≥ 5 (S.Smale,
E.C.Zeeman 1961), and n = 4 (M.Freedman 1981), but the
original n = 3 problem remains open14 .
However, “nonsimply connected” is not the critical criterion for our argument to work (contrary to my original
impression). Instead, what is critical is the condition that
the 3-manifold contain nonseparating hypersurfaces. The
two conditions are the same for connected 2-manifolds, but
are different on connected 3-manifolds.

Mathematically rigorous generalization to all topologies

~
Theorem 1 (Trapped
static
B-fields
solving
Maxwell equations exist) Every 3-manifold with
uncontractible closed loops has some topologically trapped
~ solving the time-independent vacuum
magnetic field B
Maxwell equations.
Proof. Clearly, in any 3-manifold with an uncontractible
closed loop one may construct some topologically trapped
~
B-field:
simply use a “bundle” of fluxlines going around
some smooth uncontractible loop, and zero elsewhere. (We
can even make this field smooth, without difficulty, e.g. con~ = exp(1/[d2 − ǫ2 ]) where d is the distance to the
sider |B|
uncontractible loop, 0 < d < ǫ, and ǫ is sufficiently small.)
Assume from now on that the total amount of flux going
round said loop, is normalized to 1.
~ consider12 the one with
Now among allR such fields B,
~ 2 d3 volume.
minimum energy |B|
~ obeying the time independent source free Maxwell
Any B
~ ×B
~ = ~0 and ∇
~ ·B
~ = 0, is the gradient (at least
equations ∇

13 Incidentally, Stokes’s theorem does not necessarily hold (at least,
without modification) if the region enclosed by the loop is not topologically equivalent to a disk x2 + y 2 < 1 in R2 . (Mentioned, e.g., in
[60] box 4.1 page 96, 4c, and is the reason for the use of “star shaped
domains” in [55].) As a simple counterexample, consider, instead of
the disk {x, y, z|x2 + y 2 < 1, z = 0}, the toroid

z2 +

x−

(1 − ǫ)x

p

x2 + y 2

!2

+

y−

(1 − ǫ)y

p

x2 + y 2

!2

= ǫ2

where the case ǫ → 0+ makes the invalidity of Stokes’s theorem completely obvious. (A referee had used Stokes’s theorem in this wrong
way to try to come to the [ridiculous] conclusion that the magnetic
flux around a 3-torus “must” be zero, thus “invalidating” the present
paper!)
14 Prof. Everett Pitcher, former secretary of the Amer. Math. Soc.,
claims to have a proof of Poincare’s conjecture. He gave a lecture on
it at Lehigh University, Bethlehem PA, on 16 October 2002, and he
submitted a 40-page paper on it to Trans. of the AMS. According
to the New York Times 15 April 2003, page F3, Grigori Perelman of
the Steklov Math. Institute, St.Petersburg, claims to have a partlyunpublished proof of Thurston’s geometrization conjecture (which is
more general than Poincare) and lectured on it at M.I.T. [65]. I was
not at either lecture and I do not know if their proofs are correct. A
$106 prize is being offered by the Clay Math. Institute for a proof or
disproof.

11 It often is claimed incorrectly that any smooth vector field on a
2-sphere must have at least two zeros. Wrong: one suffices. Consider
the lines parallel to the x-axis on the plane; place unit vectors parallel
to those lines; scale them by exp(−x2 − y 2 ); and stereographically
project them up onto the sphere.
12 Assuming such a minimum exists should be adequate for physicists. Mathematicians will be quick to observe that this argument,
used by Riemann in the mid-1800s and called by him the “Dirichlet
principle,” is not rigorous because this existence assumption needs
to be justified [61]. However, fortunately, for smooth maps from a
compact n-manifold to a manifold with nonpositive curvature (in particular flat space R3 ) the fact that we may always deform the map
into a harmonic, i.e. energy minimizing, map, has been justified [22]
by the “heat flow method.”
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Then every thinkable compact 3D universe containing topologically trapped magnetism must have quantized charge – except for the so-called “rational homology spheres” (which are precisely the connected 3-manifolds
which do not contain nonseparating hypersurfaces. I had
originally thought (assuming Poincare’s conjecture) that
only S 3 would be excluded, but the rational homology
spheres are a superset of S 3 .
Remark. “Conformal15 transformations” preserve solutions of Maxwell’s equations. Thus a conformal map applied to the electron’s trajectory will yield in the new
transformed universe, a new trajectory, still with the same
Aharonov-Bohm phase shift angle, and a new magnetic
field, still a solution of the time-independent Maxwell equations. Thus, at least as far as conformal transformations of
the metric are concerned, the charge quantum in a universe is a topological invariant of that universe. Schoen [72]
showed that every Riemannian n-manifold may be conformally transformed to one with constant curvature. There is
good reason to believe [75] that our universe is, essentially,
a 3-manifold with constant scalar curvature.
Remark. Note, it would be possible to have two homotopically inequivalent uncontractible loops (in some topologies,
such as a two-holed torus) and this would yield 2 different charge quantization conditions, both of which would
have to be satisfied simultaneously by any charge in that
universe. (Actually, to be more precise, the n-torus has n
homotopically inequivalent uncontractible loops, but n − 1
of them do not matter for us because we are only interested
in the one which points in the direction of the magnetic
field. More-holed tori have more homotopically inequivalent uncontractible loops.) If the two quantum step values
had an irrational ratio (which, generically, they would), this
should make nonzero charges impossible in that universe.
This strongly suggests that our universe does not have two
homotopically inequivalent uncontractible loops, which is a
very strong constraint on the topology of the universe16 .
2.6
2.6.1

weak interactions of extragalactic cosmic rays to see if any
are chirally reversed.)
2.6.2

The combing of hairs

A necessary condition for our charge quantization argument
was that it be possible to “comb the hair” in the 3-manifold
representing our universe in some manner homotopically
~
inequivalent to doing nothing, i.e. so that the B-field
can’t
go away.
A survey of foliations is [28]; for vector fields on manifolds
see [46][81]. Also possibly of interest is [64].
It is possible to comb the hairs on a closed 2-manifold
(more precisely, foliate it smoothly into 1-manifolds)17 exactly when it has Euler characteristic χ = 0, i.e., for the
torus and the Klein bottle only. This was shown by Hopf
[38] in 1927. See figure 3. Thurston [84] found an extension
to n dimensions.
Every smooth open [35] or closed 3-manifold, orientable
[51] or not [92], has a smooth18 2-foliation. (By “smooth”
we mean we may demand C ∞ .) Furthermore [92][83], any
smooth plane field is homotopic to a 2-foliation, so that
any smooth vector field (perpendicular to the plane field)
is homotopic to one transverse to a 2-foliation. Fact: Consequently, you can always “comb the hairs” on any smooth
closed 3-manifold.
Hence, the hair combing condition is hardly restrictive.
But now let us consider a more interesting condition.
Definition 3 An n-manifold will be called “m-combable” if
on it, there can exist m orthonormal smooth vector fields.
Remark. In order for an n-manifold to be m-combable for
any particular m, 1 ≤ m ≤ n, it suffices for it to have m everywhere linearly independent nowhere zero smooth vector
fields, because by taking appropriate linear combinations
(with coefficients which are appropriate smooth functions
of position) we may orthonormalize them.
Observation. Certainly, the standard 3-torus and the
standard 3-sphere are 3-combable. Proof: let the 3-torus
be any parallelipiped with periodic boundary conditions.
Now simply use vectors parallel to the axes of an (arbitrarily rotated) 3D Cartesian coordinate system. Let the
3-sphere be the unit norm quaternions |Q| = 1, with some
arbitrary pre-rotation of the 4D coordinate system. Now
use as the 3 mutually orthogonal unit-length vector fields
iQ, jQ, and kQ. QED.
Remark.
The n-sphere is n-combable19 exactly

Which topologies are compatible with laws of physics?
Weak interaction

Both the unidirectionality of time, and the fact that the
weak interaction violates parity symmetry, seem to rule out
universes which are non-orientable manifolds, such as the
Cartesian product of a circle with 2D “elliptic geometry.”
(Any particles which had in the past traveled “round the
universe” would be chirally reversed. Such particles have
not been observed. It perhaps would be worthwhile to study

17 An n-manifold Ω will be said to have a “k-foliation” for some
k < n if it is a disjoint union of immersed k-dimensional submanifolds.
If each point of Ω lies in a ball diffeomorphic to a ball in Rn with the
leaves of the foliation intersecting that ball being diffeomorphic to the
standard k-dimensional sets with xj constant for each j > k, then the
foliation is “smooth.”
18 However, for the 3-sphere it is not possible to find an analytic
2-foliation [34].
19 n-combable n-manifolds are often called “parallelizable” in the
literature. Some at least as ill-advised words, which have sometimes
also been employed, to describe the maximum m such that a manifold
in m-combable, are its “span” and “rank.” The present paper turns
out not to be the first physics paper using notions of n-combability;
see [31].

15 Two smooth manifolds are said to be “conformally equivalent”
if, under some coordinatizations, their metric tensors gab are proportional with a smooth positive multiplicative pure-scalar function as
the proportionality factor.
16 See [74][85] for a survey of Thurston’s geometrization conjecture
which (if true) would classify the topologies of all compact orientable
3-manifolds. (Thurston’s conjecture now has allegedly been proven
by Perelman [65], see footnote 14.) I have not worked through this
classification trying to determine which 3-manifolds are compatible
with this constraint, but certainly very few are, and perhaps the 3torus is the only one.
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[3][44][58][81] when n = 1, 3, 7, which is related to the existence and uniqueness of the complexes, quaternions, and octonions. [Indeed by a construction analogous to Hopf’s one
may construct 3 orthonormal vector fields on S n if 4|(n + 1)
by using quaternions, and 7 orthonormal vector fields on S n
if 8|(n + 1) by using octonions.] Let f (n) be the maximum
possible number of linearly independent smooth nowhere
zero vector fields on a sphere S n . Then f (n) = 2c + 8d − 1
where n + 1 = (2a + 1)2b and b = c + 4d and 0 ≤ c ≤ 3.
Note f (n) = 0 if n is even. For odd n, we have:

Smith

Proof: The “2-combing” shown in figure 3 is invalid because the vertical vector field would have to flip direction
180◦ discontinuously, at the right edge of the figure. If the
two vector fields, near the right edge of the figure, were
oriented at any other angles besides normal and parallel
to that edge, then they would both discontinuously change
direction by some nonzero angle as we crossed the edge.

n =1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33
f(n)=1 3 1 7 1 3 1 8 1 3 1 7 1 3 1 9 1
The lower bounds are due to constructions by A.Hurwitz
[39] and J.Radon [69] who actually showed that there are
f (n) orthogonal (n + 1) × (n + 1) matrices Ap with A2p = −I
and Ap Aq + Ap Aq = 0 for p 6= q. Then the matching
upper bound was proven by J.F.Adams [2] using K-theory,
a branch of cohomology theory.
Do any other 3-tori and 3-spheres (besides these particularly geometrically nice ones) work? Yes. Any 3-torus
or 3-sphere conformally equivalent to the standard ones
is 3-combable. Indeed certain diffeomorphisms more general than conformal ones will work20 : it will suffice for
n-combability if we can recoordinatize the n-manifold so
that its metric tensor gαβ becomes diagonal. The “CottonDarboux theorem” [12][15] shows that every 3-manifold is
so recoordinatizable, at least in finite patches locally.
Is there going to be any obstacle preventing extending
this patch to cover the whole manifold (provided we are
transforming to a compatible topology)? There is no obstacle: every 3-manifold has an everywhere orthogonal curvilinear coordinate system21 :

a

Figure 3: 2-combing of 2-Torus (a) and failed 2-combing for
Klein bottle (b). In both figures a valid 1-combing arises
by considering only the horizontal dashed lines.
n-Combability is generically false, even locally22 when
n ≥ 4 due to insufficient “gauge freedom.” Specifically, it is
necessary that the metric tensor gαβ be diagonal (in some
coordinatization) and there are n degrees of gauge freedom
you have in selecting your favorite coordinatization, which
is enough to make it diagonal if n ≤ 3, but not if n ≥ 4.
The result that every orientable 3-manifold is 3-combable
was shown by Stiefel [77]. QED.23
2.7
2.7.1

Why is the world 3-dimensional?
3-manifolds are compatible with photons

The connection of theorem 4 to physics is as follows.
Suppose we regard it as desirable for “momentumpolarization eigenstates” of photons to exist in our universe. In flat space these are just plane waves – with equal
~ and
wavevector ~k everywhere, and polarization vectors E
~ existing everywhere and everywhere perpendicular both
B
to each other and to ~k.
These properties in curved space are possible only if
the universe’s topology is 3-combable! Note, incidentally,
that 3-combability is necessary if a momentum-polarization
eigenstate “photon” (with any desired momentum direction
and 2 orthogonal polarization directions at any particular
one point) is to exist. (If one multiplies the 3 orthonormal
vector fields by an appropriate fixed orthogonal 3 × 3 matrix, one can make these 3 directions be whatever one wants
at any particular point.)

Theorem 4 (n-combability) All orientable 3-manifolds
are 3-combable. The only 2-combable 2-manifolds are 2-tori.
For n ≥ 4, generically, n-manifolds are not n-combable
(even locally) although certain specific special n-manifolds
can be (e.g. flat n-tori S 1 × S 1 × · · · × S 1 ).
Proof. As we already mentioned Hopf’s [38] and Thurston’s
[85] theorems show that the 2-manifolds are combable precisely if they have χ = 0, i.e. are a torus or Klein bottle.
(Smoothly foliatable into 1D manifolds is the same as having a smooth nowhere zero vector field, because you can
use the flowlines of the vector field, which by uniqueness
and existence theorems for ordinary differential equations,
works.) Now, on orientable 2-manifolds, combable implies
2-combable; simply take the second vector field to be orthogonal to the first (rotated 90◦ ). But in contrast, even
the usual flat Klein bottle (in figure 3) is not 2-combable.

22 A different way to try to prove this would be simply to fall back
on the Kervaire-Milnor-Adams results for the n-sphere to prove impossibility in every dimension n ≥ 4 except for n = 7. However, this
would only yield a global obstacle – the standard round n-sphere is ncombable locally (for each n ≥ 1) everywhere except at a single point,
as may be seen by stereographic projection mapping the surface of
that sphere to flat n-space. Presumably, however, the surface of a
generic ellipsoid in Rn+1 is not n-combable even locally.
23 Could it be that such topological constraints could also be employed to restrict the possible ways in which “extra dimensions are
curled up” in “string theories?”

20 It has often been claimed incorrectly that a Riemannian metric is
conformally flat if and only if its Weyl tensor vanishes. This is true if
the dimension n ≥ 4, but when n ≤ 3, the Weyl tensor automatically
vanishes but not all 3-manifolds are conformally flat, not even locally
[47] (see also [60] p.550 ex.21.22.). All 2-manifolds are locally conformally flat, and so are the standard round n-spheres (by considering
the stereographic projection map).
21 The reader might want to look at the discussions of orthogonal
curvilinear coordinate systems in R3 found in [57][62][63].
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Remark. Indeed, arguably n-combable n-manifolds are
globally compatible with every physical law we can formulate in flat n-space, since we can make an everywhere orthogonal curvilinear coordinate system for such a manifold,
and the physical laws will be able to operate locally everywhere as though they were in a flat space coordinate system. However, n-manifolds not meeting such a condition,
although they would be locally compatible with flat space
physical laws, might have some global incompatibility – as
in the photon eigenstate example above.
We now see that theorem 4 represents a remarkable property of the dimension “3.” Perhaps we can even brand it as
a “reason the world is 3-dimensional.”
Summary. We have identified a topological property: ncombability. We’ve shown: “Random” n-manifolds are
n-combable, and hence compatible (with “probability 1”)
with a wide class of thinkable physical laws, if n = 3. However, if n ≥ 2 but n 6= 3, then random n-manifolds will
not be n-combable (with “probability 1”) and hence would
yield a self-contradiction in a wide class of thinkable physical laws. Thus, “with probability 1,” physics can only happen24 in 3D.
Further, I point out that it is known that the notion that
a Lorentzian (3 + 1)-manifold is “globally hyperbolic” is
known to be equivalent to the claim that it can be foliated into spacelike 3-manifolds. Thus, globally hyperbolic
(n + 1)D spacetimes can be (n + 1)-combed with n of the
combings being spacelike and 1 timelike everywhere. That
however is not the case for (n + 1)-manifolds for n 6= 3 and
n ≥ 2.
2.7.2

no longer holds. Assuming general relativity holds, gravity
cannot exist in vacuum if n ≤ 2 since the 4-indexed Riemann tensor would be everywhere zero in vacuum. Mariwalla [56] showed that the TCP theorem for Dirac’s equation would only hold if n were odd; and if we demand the
TCP operation be continuously connected to the Lorentz
group identity, that forces n ≥ 3; he also says, “An arbitrary geodesic in a curved [Riemannian] space... can be
looked upon as the motion of a particle under a force in flat
spacetime, and vice versa” only if n + 1 = 4.
Lovelock [54] pointed out that there are various “dimension dependent identities” in differential geometry that hold
only in certain dimensions. In particular, Rainich’s identity that underlies “geometrodynamics” (unification of electromagnetism and gravity into a single geometric theory)
works in 4D only. The Weyl conformal curvature tensor
vanishes in dimensions ≤ 3 only. Misner, Thorne, and
Wheeler [60] point out remarkable properties of the Einstein tensor that hold only in 4D. All of classical electromagnetism is based on the properties of the curl and div
operators, many of which (since they arise from 4D quaternion algebra) hold only in 3 dimensions.
2.7.3

Some dubious arguments

Philosophers have claimed that since nerves cannot cross
in 2D, intelligent observers would be impossible in a 2D
universe. (The point being that, while perhaps there are
universes of all dimensions, if intelligent observers can only
exist in 3D universes, it is no surprise that our universe
is 3D.) But that would seem to be refuted by Conway’s
construction [8] of “life,” a Turing universal computer in a
simple 2-state 2D cellular automaton. An earlier and more
complicated Turing universal cellular automaton (29 states
at each vertex of a 2D square grid) had been constructed by
von Neumann [89]. It was, however, simpler than “life” in
the sense that communication only occurred between a site
and its 4 nearest neighbors on a square grid, rather than
its 8 nearest. Also: optical, audible, or time multiplexed
signals can cross through each other.
Another similar biological-philosophical idea: organisms
cannot have both a mouth and an anus without being disconnected. But this too seems refuted: there are sea organisms which use the same opening as both a mouth and an
anus.
Fluid turbulence could not happen in 2D, which perhaps
somehow would mitigate against the evolution of life, but
this is hardly convincing.

Other arguments the world “must” be 3D

I’ll quickly summarize previous arguments [79][10][78] for
why the universe “had” to be 3D.
Assuming Maxwell’s and Schrödinger’s (or Dirac’s) equations hold, hydrogen has no bound states if n ≥ 4 (atoms
implode, indeed with infinite energy release for pointlike
electrons and nuclei), but has no unbound states if n ≤ 2.
Assuming Newtonian mechanics with r−n force laws hold,
planetary orbits are unstable if n ≥ 4 (no orbit which oscillates between a maximum r2 and a minimum radius value
r1 can exist with 0 < r1 < r2 ; the weaker result that circular orbits are unstable if n > 3 is in the undergraduate
textbook [33]), but with n ≤ 2 there are no unbound orbits
since the escape velocity is infinite. Attempts to generalize the general relativistic Schwarzschild solution to n ≥ 4
space dimensions exhibit the same behavior. Lovelock [53]
pointed out that if n+1 ≤ 3+1 there is a unique Einsteinian
gravity field equation of order ≤ 2 arising from a scalar Lagrange density depending only on the metric tensor and its
first two derivatives. If n ≥ 4, this uniqueness statement

2.7.4

Comparison with my, more abstract, argument

All of these previous arguments that the world “has to be”
3-dimensional suffer from the flaw that they assume the
physical laws in an n-dimensional universe would be the
same as here. (Perhaps the inhabitants of a 7D universe
are busily arguing that 7 was the only possibility for the
same reason.) They also all are aimed at demonstrating the
nonexistence of intelligent observers, rather than the logical
inconsistency of physics itself – although the arguments for

24 Recently “string theories” and “M-brane theory” have been proposed [67], which claim the universe is 9 + 1 (or 10 + 1) dimensional.
Our argument does not rule these out, because they postulate a fixed,
rigid metric, namely flat (3 + 1)-space cartesian producted with some
particular fixed compact 6D (or 7D) manifold M (for which, there are
presently at least about 105 viable candidates). By choosing M to
be an atypical, n-combable metric such as the flat n-torus (S 1 )n , our
argument, which only applies to generic metrics, is defeated.
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if the electron’s trajectory were allowed to penetrate the
monopole. And Dirac’s argument would seem to be to~ would octally inapplicable because the divergence of B
cur throughout a region of nonzero volume, causing Dirac’s
wave equation to be inapplicable everywhere in that region,
and with no way to get rid of the problem by having a vector potential singular only on a string of measure zero. So
in all three cases, the charge quantization argument seems
to break down in the presence of non-point charges.
But at second glance, it is again possible to rescue all
three arguments. Thomson’s integral would be independent of the separation asymptotically for large separations.
Hence charges and monopoles far from one another would
be quantized according to (EQ 3). We then again use charge
conservation and consider moving them closer together. As
we move them closer together, conservation of angular momentum would force the monopole to start spinning. Similarly the flyby argument is rescued by the fact that the
monopole will acquire spin if the electron trajectory penetrates it.
Finally, Dirac’s “string” argument still applies for spheres
completely enclosing the monopole (the continuity of
the wavefunction forces charge quantization). Assuming
Dirac’s wave equation holds in this exterior region and some
as yet unknown equation holds in the interior region, suffices to force (EQ 3).

atomic implosion with infinite energy release for the collapse
of two oppositely charged point particles, may qualify as an
exception.
All the known arguments that 2D universes featuring intelligent life are impossible leave me unconvinced.
It perhaps would be more credible and satisfying if one
could argue at a highly abstract level, allowing any of a large
class of kinds of physical laws but without specifying what
they must be, and deriving a logical contradiction, rather
than merely arguing for the unlikelihood of intelligent life.
Aside from the atomic implosion arguments, my argument
is the only such argument that I know of.
Nevertheless, my argument also is not completely satisfying in 2D since it would still permit a 2D torus universe,
although all other compact 2-manifolds would be forbidden.
3

Skeptical Reexamination of Monopoles

In this section I’ll consider a sequence of attacks on the
monopole idea. The initial attacks (§3.1-3.2) can be defended against, and we present the defenses. The later
attacks (§3.3-3.7) which, e.g., use Dirac’s own equation
against him, seem harder to refute unless the defenders rely
on new speculative theories of physics in ways that have
never been analyzed.
3.1

Curved space

3.3

Dirac’s 3 arguments in §1.2 all pertained assuming a Euclidean geometry, i.e. “flat space.” It is not immediately
clear any of them will work in curved spaces. However,
one could argue that Maxwell’s equations force charge (and
magnetic charge) conservation25 and hence we could consider transporting an electric and magnetic charge to a flat
region of space far from everything else, applying Dirac’s
arguments there to see the charges must be quantized, and
then transporting them back. This works (at least, to high
accuracy) assuming there is anyplace big and flat to go to.
3.2

There cannot be both a North pole and South pole (both
points) in a universe in which Dirac’s equation holds

Suppose that both a North monopole, and a South
monopole, both point particles, exist27 . Assume they both
are minimally charged (have Z = 1 in EQ 4) since the below argument will only work better otherwise. Transport
them to a region of flat space far from everything else.
Now assume Dirac’s wave equation governs their wavefunctions. Due to the symmetry of Maxwell’s revised equations, we may treat these two poles as electric charges of
the same masses, but with the value of the fine structure
constant α = e2 /(4πǫ0 h̄c) ≈ 1/137.036 changed [19] to
αnew ≈ 137.036/4 ≈ 34.259.
Now it is well known that Dirac’s wave equation for
positronium is unstable if α > 4. (The full set of exact
solutions of the Dirac equation is available in this case.)
That is, there will be a nonzero probability amplitude that,
during any time interval, the two particles will “fall down
the hole” into each other’s singularities. The Hamiltonian
operator is not self-adjoint in this case.
Note, if α < 1/N , then the hydrogenic atom (with infinitely massive point nucleus of charge N e) is stable and
such “falling in” is impossible.
Also, Lieb and collaborators [52], showed that under various kinds of “relativistic Schrödinger equations,” if N α <
2/π and α < 1/94, then “matter” (any configuration of electrons amidst massive point nuclei of maximum charge N e)

Point charges versus distributed charges

At first glance, Dirac’s arguments seem to work only if the
elementary charges are points. And indeed, all experimental
evidence so far is fully consistent with electrons and quarks
being point particles, and QED and QCD would have to undergo massive revision, wholly changing and greatly complicating their mathematical structure, if non-point electrons
and quarks were allowed26 .
But ignore that. Suppose the monopole’s magnetic
charge is distributed over a region of nonzero volume. Then
Thomson’s integral (EQ 2) would no longer give a result independent of the separation of the two charges. The chargemonopole flyby argument would yield a change in the
electron’s angular momentum now dependent on the electron’s “impact parameter” (distance of closest approach)
25 And

27 Indeed, if the universe has a compact topology, it is topologically
necessary for the universe to have exact charge (and magnetic charge)
neutrality. This may be shown using the generalization of Gauss’s
divergence theorem to manifolds.

so do the Einstein-Maxwell equations in curved space.
diagrams would no longer have points as vertices and
path integration over many extra degrees of freedom, perhaps an infinite number, would be required.
26 Feynman
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is “thermodynamically stable” i.e. obeys a lower bound on
its energy, proportional to the number of charges in the system. On the other hand if α > 2.72, matter (even if subintegral nuclear charges are allowed, provided there are enough
nuclei) is always unstable and will implode. In later papers
of these authors, externally imposed magnetic fields and
spin-field interactions were allowed, although the bounds
became weaker.
The conclusion we draw from all these results is that the
effective value for α for monopole “positronium” is far larger
than the bounds of Lieb et al., i.e. the two monopoles would
fall into one another.
Two point charges falling into each other’s singularity
under Dirac’s wave equation would produce an infinite energy release. This is not the same thing as positron-electron
annihilation, which releases only 2me c2 energy. There will
always be a finite nonzero probability current “down the
hole”, leading, no matter how incredibly small this current
is, to an infinite average rate of energy production.
If we regard it as forbidden for there to be a positive
probability that the universe will self-destruct at any time,
or forbidden for there to be non-self-adjoint Hamiltonians,
then we conclude that either
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electron would “fall in” with infinite energy release in finite
time30 .
3.5

Another monopole problem pointed out by Weinberg

Steven Weinberg (section VIII of [90]) after an examination,
on very fundamental grounds, of quantum field theories involving photons, charges, and monopoles, concluded that
1. Monopoles must, under either P, or T, or C, change
into their antiparticles.
2. It is impossible for a monopole to carry electric charge,
i.e. a so-called “dyon” is impossible31 .
3. Any quantum field theory of photons, charges, and
monopoles must be acausal and violate local Lorentz
invariance.
The former two constraints, while rather peculiar, perhaps
are acceptable. But the latter seems an extremely serious criticism rendering monopoles unacceptable. Although
Weinberg never explicitly mentioned the issue, I presume
he had in mind point monopoles and that his analysis does
not apply to non-points; this is the escape hatch.

1. Monopoles are not point particles, or
3.6

2. There are not both North and South poles in the universe28 , or

Christian Fronsdal [27] examined quantum field theories not
only in flat spacetime, but also allowed the possibility of a
small cosmical constant Λ (perturbing the metric to become
a “de Sitter space”) He claimed

3. Dirac’s wave equation in flat space is not applicable (and the revised equation exhibits different behavior)29 .
3.4

If physics is stable with respect to a class of
perturbations of the spacetime metric, including
that of “small” constant four-dimensional curvature, then it may be shown that (1) left-handed
and right-handed neutrinos are distinguished by a
superselection rule; (2) magnetic monopoles cannot exist; (3) the conformal symmetry associated
with the field equations for massless particles with
spin 0, 1/2, and 1 is spontaneously broken except
in the case of neutrinos with fixed chirality.

Another reason point monopoles cannot exist

The potential between a point monopole and a point magnetic dipole (such as a spinning electron) would behave proportionally to −r−2 for separation r. As is well known (as
we’ve just discussed, even −Kr−1 potentials are forbidden,
if K is a large enough constant), this is too severe a singularity for quantum mechanics to be defined [50]. Again the
28 Note: Gauss’s divergence theorem shows that, if the universe is a
compact manifold, then it must contain an equal number of + and −
charges and an equal number of North and South monopoles; i.e. it
is exactly neutral. So in this case we could conclude that a compact
universe cannot contain a monopole.
29 Note: when I speak here of “Dirac’s equation” I mean his equation for the wavefunction of an electron in a static 4-potential field.
This equation plainly is self-consistent in certain situations, e.g. the
“hydrogen atom” (electron in a Coulomb field) where a full set of wellbehaved exact solutions are known [17]. However, Dirac’s equation
plainly is not self-consistent in certain other situations, such as with
point monopoles, where singularity and infinite energy release occur in
finite time. It could be argued that perhaps this is because Dirac’s 1electron equation alone is not the full physics (although even if so, the
fact that the very equation Dirac used to argue for monopoles, now
is being used against him, still carries considerable clout). Indeed,
gravitational and “higher order Feynman diagram” effects might well
become important at very small length scales (although it is unclear
what effect they have on stability). It is very difficult to make rigorous
statements about quantum field theory, so it is presently impossible to
say whether it it mathematically self-consistent either with or without
monopoles. (And at present, attempts to combine gravity with QFT
are completely inadequate.)
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Another monopole problem pointed out by Fronsdal

More precisely, Fronsdal’s claim (2) [his “theorem II”] was
that magnetic monopoles could not “coexist with electric
charges.” This was because the “field associated with a
magnetic monopole source describes a state that is not in
the domain of the Hamiltonian.” Fronsdal’s program of
investigating the consequences of assuming “a principle of
continuity with respect to the [constant] curvature” on the
laws of physics were investigated in a series of 5 papers [27].
As is noted in paper V especially, flat spacetime is actually
30 The “exact solution” [87] of the Dirac equation in a magnetic
monopole and Coulomb potential is not applicable here since that solution pertained to a spinless (i.e. unrealistic) “monopole” having no
dipole moment, i.e. having only r −1 , and not r −2 , potential singularities.
31 Weinberg’s impossibility theorem in no way prevented prominent
later authors [42] from showing the existence of dyons in non-Abelian
gauge theories, and indeed even in Weinberg’s own electroweak theory
[14]; in no case did the later authors mention this contradiction.
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a degenerate case from the point of view of axiomatic formulations of quantum field theories. Fronsdal’s arguments
do not seem to be using any assumption that monopoles
are points, in which case they must be taken extremely
seriously. However, the monopole community has ignored
them.
3.7

the monopole actually be a black hole, i.e. have an event
horizon. The well known Kerr-Newman exact solution [12]
of charged black holes, nowadays thought to be unique, does
not have an event horizon unless the mass, in Planck units,
exceed the charge (and actually, in the presence of rotation,
there is an even more restrictive condition). So the mass
mm of a Dirac-minimal magnetic pole must be at least

What if monopoles are not points?

2mP
mm ≥ √ ≈ 23.41mP ≈ .51milligram
α

It would be easy just to dismiss the idea of non-point
monopoles since they would overthrow QED and QCD.
However, there are physicists who feel that monopoles do
exist, and they are not points. (As we saw in §3.2, this is
logically conceivable.) They are motivated by GUT and superstring theories. If we now analyze non-point monopoles
– but using comparatively pedestrian physics and without
using any speculative GUT and superstring theories; we will
see that some rather disagreeable conclusions follow.
A monopole with distributed charge is necessarily held
together by some other (non-electromagnetic) force. This
force is strong enough to prevent the monopole from ever
breaking apart, no matter how hard you whack it (since
otherwise we would violate magnetic charge quantization
and/or conservation). The weak and strong forces are inadequate to this task32 .
Of course, the monopole could be held together by some
yet unknown “fifth force.” That is essentially what is going on in the GUTs. So suppose monopoles really are both
indivisible, and distributed. Then the distribution cannot
have compact support because that would violate the special relativistic prohibition of rigid objects33 . Now severe
logical/physical problems arise when, e.g., a monopole flies
by a black hole. A small part P of the monopole then must
go inside the black hole. It therefore follows from indivisibility that the entire monopole must fall into the hole – no
matter how small P was, i.e. no matter how far away the
monopole’s “planned” central trajectory was from ever penetrating the event horizon of the hole, and no matter how
fast the monopole was flying! Are we to conclude, then,
that monopoles can only exist inside black holes (in which
case, in some sense, they do not exist, or at least, are inseparable)? Are we then further to conclude that (since a
monopole presumably would extend slightly inside both of
two black holes) that there can only be one black hole in
the universe (contrary to experimental fact)?
Now ignore the “fifth force” and only allow the 4 known
forces. The gravitational force is the only one which seems
adequate – but only if the monopole is a black hole: A
well known theorem [12] in classical general relativity states
that it is impossible to pull a black hole apart, i.e. divide
its event horizon into two. But this would require that

(8)

p
(i.e.34 mm c2 ≥ 4.6×1010Joules) where mP = h̄c/G is the
“Planck mass.” .5 milligrams is a macroscopic-scale mass.
With a mass this large, gravity at Earth’s surface would
exert 5 millinewtons. To counteract this would require
a huge magnetic field of 1550 Tesla. (Larger charged
monopoles, such as Schwinger’s, would have correspond~ field would remain
ingly larger masses, so the critical B
unchanged.) We conclude that any thermalized monopoles
this massive on our planet must be resting near its center
and attempts to find them in accessible iron ore deposits,
moon rocks, etc. [25][26][5] are doomed to failure. (Asteroids, which contain magnetic material and have low gravity,
might be a better place to look for accessible monopoles.)
The Schwarzschild radius of a mass m is 2Gm/c2 , which
for this minimal mass would be 7.6 × 10−34 meters. This is
19000 times larger than the “Bohr radius”
rmono

Bohr

=

8h̄α
2h̄
=
αnew mm c
mm c

(9)

for monopole positronium, which with the mass value in
(EQ 8) would be 4.0 × 10−38 meters. (The discrepancy
would be even larger for Schwinger’s 4× or 12× larger
charged monopoles.)35 This suggests that any two opposite monopoles could combine into a magnetically neutral
state impossible to pull apart. This suggests in turn that
it is impossible to create a separated monopole pair out of
pure energy (even granting the feasibility of creating energies of this ridiculously large magnitude), which again suggests that monopoles cannot exist, since they could never
have been created. (Dirac’s charge quantization arguments
in §1.2 don’t work for non-point monopoles only available
as inseparable neutral pairs.)36
34 Actually, if the monopole is assumed to have angular momentum
h̄/2, its mass would have to be slightly larger even than this bound,
which was computed under the assumption of a nonrotating monopole.
Also, Schwinger’s minimal monopoles with 4 times (or 12 times, if we
view e/3 as the minimal electric charge, not e) larger magnetic charges,
would have 4 or 12 times larger minimal masses.
35 Note, we have used a factor of 2 times the usual Bohr radius
formula because we have a “positronium-like” system in mind here,
rather than an “infinitely massive nucleus.” The alert reader should
justifiably object that Bohr’s radius formula may not be applicable
here since it was derived nonrelativistically, while here the monopoles
have so large charges that relativistic effects should be important.
However, special relativisticpeffects would in fact decrease the Bohr
1 − v2 /c2 , where v is the orbital speed,
radius by multiplying it by
i.e. my argument only becomes more true.
36 Datta [18] invented related, but different (and also valid) arguments to argue for the impossibility of creating a monopole NorthSouth pair.

32 Actually, the strong force is supposed to allow unbreakable attractions between quarks in the sense that, if you pull two quarks apart
further than some critical distance, a new quark/anti-quark pair will
be created by the “elastic strain energy” and one member of the pair
will attach itself to each of your two original quarks to neutralize
them. However, the quark pair formation mechanism seems irrelevant
to preventing single monopole breakup.
33 Pull on one side of a “maximally stretched” monopole. The support of its distribution will stretch further.
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In conclusion, both point monopoles and non-point
monopoles lead to unpalatable contradictions and selfdefeating conclusions. To accept them, one must have considerable faith in the ability of highly speculative and/or
future theories of physics to resolve those contradictions.
So our alternative hypothesis (§2.1), which can explain
charge quantization without need for monopoles, therefore
might be preferable.

Smith

forces. However, if the monopole is rotating, it will have
an electric dipole moment. This will cause an electric field
directly opposing the motion of the electron.
The electric dipole moment Dn of a mass-mm chargegZ (where g here is Dirac’s minimum magnetic charge)
monopole will be Dn = gZnh̄/(2mm c2 ) (not counting any
intrinsic moment it would have with n = 0 due to spin;
this will be negligible in comparison when n is large). This
holds both in general relativity and in Dirac’s wave equation. This corresponds37 to an energy of Dn ehRg−2 i/(πǫ0 )
we need to supply to the electron, where hRg−2 i is the mean
squared-reciprocal radius (about the axis of rotation) of the
monopole’s magnetic charge distribution.
Actually, instead of Dn it would presumably be better
to use (Dn + Dn+1 )/2 since the dipole moment changes
from Dn to Dn+1 during the process. We conclude that
the energy En of excitation of the monopole after n shootthroughs (when it has acquired angular momentum L = nh̄)
is

4 The moment of inertia of a distributed
monopole – a relation between its charge and
mass distributions
A distributed monopole must be a nonrigid object, since
rigid objects are impossible in special relativity (the speed
of sound would have to exceed c). Hence it must have a
spectrum of excited modes of vibration. Since it is impossible to pull the monopole apart without violating magnetic
charge quantization, this spectrum must be infinite.
There will also be excitations arising just from spinning
the monopole with nonzero angular momentum quantum
numbers.
It might be thought impossible to reason about the unknown forces holding the monopole together (or even about
gravity). Remarkably, we can, by using very elementary
physical arguments.
Consider shooting a (pointlike) electron, initially far away
from a monopole, through its center, out the other side, and
eventually ending up far away in the other direction. By
consideration of the electric and magnetic fields before and
after (and considering Thomson’s integral EQ 2 and conservation of angular momentum), we see that this process will
increase the angular momentum of the monopole by Zh̄.
An alternative process which will accomplish the same
thing would be to shoot in a positron from one side and an
electron from the other and let them annihilate inside the
monopole (see figure 4).

En =

X
gZeh̄µ0 hRg−2 i n−1
gZeh̄µ0 hRg−2 i n2
1
(k + ) =
2πmm
2
2πmm
2
k=0

=

Zn2 h̄2 hRg−2 i
. (10)
2mm

In comparison, the quantum energy levels of a nonrelativistic “rigid rotator” with moment of inertia I are
En =

h̄2
(n + 1)n.
2I

(11)

The two equations are the same (except for the details of the
behavior for small n, which anyway depended on whether
the monopole was assumed to have intrinsic spin and how
much that affects its dipole moment, which are issues we
have not tried to address). We conclude that
The moment of inertia of a mass-mm monopole of Z
times Dirac’s minimal magnetic charge is

e+

Imonopole =

mm
.
ZhRg−2 i

(12)

where hRg−2 i is the mean squared reciprocal radius of the
monopole’s magnetic charge distribution about its axis of
rotation. But of course

e−

2
Imonopole = mm hRm
i

e−

2
where hRm
i is the mean squared radius of the monopole’s
mass distribution about its axis of rotation, if the monopole
behaves enough like a rigid rotator.
2
Hence hRm
i hRg−2 i = 1. We conclude that the mass and
charge distributions of the monopole must differ, unless

Figure 4: Two alternative processes for spinning up nonpoint monopoles.
Suppose this process (or the alternative one) is applied
n times. We will then have an (excited) monopole with
angular momentum nh̄. What will its energy be?
Well, we can deduce the energy of the monopole by deducing the energy required to push the electron along its
~
trajectory. The electron will always move parallel to the B
field and hence will not experience any magnetic Lorentz
DocNumber

(13)

37 It may help to consider the following analogous problem. Consider
a current loop of radius R carrying current i. The magnetic dipole
moment of the loop is µ = iπR2 . The B field along the axis of the
loop is B = 21 µ0 iR2 /(R2 + x2 )3/2 where x is the distance out of
the
plane of the loop. Thus a magnetic charge g would gain energy
R +∞
g
Bdx = µ0 ig = µ0 µg/(πR2 ) by flying along this axial line.
−∞
We have the exact same problem but with electricity and magnetism
interchanged.
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they both are a “cylindrical delta function” at one particular radius value. Due to nonrigidity both these distributions
must vary with n, which seems to make miraculous the fact
that this equality must continue to hold, and hence a priori unlikely – and also the prospect of an extremely excited
monopole (n very large), which would be a particle of very
large macroscopic mass and size, seems appalling 38 .

5

6

Summary

Dirac had argued that if monopoles exist, then if charge
were unquantized, contradictions would result. The easiest
such contradiction to understand is the nonquantization of
angular momentum, which is experimentally quantized in
units of h̄. This was taken as evidence for the existence
of monopoles. I am similarly arguing that, even without
monopoles, one may get a similar contradiction provided
the universe has a suitable topology and contains a “topologically trapped” magnetic field. Amazingly enough, the
momentum increment, times L2 , experienced by electrons
on distance-L1 trips round a flat 3-torus L1 × L2 × L3 universe (with magnetic field in the L3 direction) does not
depend on the precise shape either of the universe, or of
its magnetic field, or of the electron’s trajectory, and it is
invariant if L1 , L2 , or L3 are slowly altered. Consideration of De Broglie wavelengths then forces charge quantization. This may all be generalized by demanding that
the Aharonov-Bohm phase shift angle for certain electron
trajectories must, modulo 2π, change only infinitesimally
when the electron trajectory changes infinitesimally. That
generalization works for almost any compact topology for
the universe and almost any magnetic field.
More precisely, the argument works for any compact
topology with uncontractible closed loops passing through a
nonseparating hypersurface, i.e. everything but the rational
homology spheres. Of these, the latter apparently may be
logically ruled out by orientability considerations [75], and
present experimental evidence seems to mitigate against
universes with positive curvature, i.e. against both. Further, our argument works for any magnetic field which contains nonzero amounts of flux “trapped” in uncontractible
loops.
Hence, this too would “explain” charge quantization. It
is important to realize that no actual electron needs to take
any such trip; merely the logical possibility of it is enough
to force the necessary inconsistency in the laws of physics.
I’ll now argue that my hypothesis for charge quantization
via topology is actually less outrageous39 than monopoles.
On what assumptions does our proposal rest?

Lorentzian manifolds

The present paper has modeled the universe as a Riemannian 3-manifold with separate “absolute time.” But in fact,
in Einstein’s theory of general relativity, the universe is a
complicated Lorentzian 3 + 1-manifold. This oversimplification is a serious gap in our rigorous reasoning – I believe
the most serious one. What effect does this have on our
picture? There are several remarks to be made.
0. The purely topological nature of the arguments in
§?? and 2.5 hopefully should force them to remain valid –
although some of the other arguments may not be as easy to
repair. (Thus, slow changes in the 3-manifold with absolute
time, should still leave everything valid.)
1. At present I think there is no hope that the present
picture of charge quantization can be made into a rigorous theorem in Einstein’s (3 + 1)D Lorentzian model. That
is because our argument depends on both differential geometry (of the manifold) and quantum mechanics (to get
quantization), and no satisfactory theory of “quantum gravity” has yet been advanced combining these two things. Our
whole notion of an electron “coming back to the same point
it started from” no longer has any meaning. It seems hard
to assign a meaning to the concept of the “spectrum of the
Hamiltonian” of a particle in a Lorentzian universe. The
rigorous theorems in this paper have only been obtained by
using a 3-manifold with separate absolute time, and that
restriction, in the present theoretical climate, appears necessary.
2. Nevertheless, some parts of our argument do work
in Einstein’s (3 + 1)D manifolds. In the “Einstein-Maxwell
equations” governing electromagnetism and gravity there
still is an analogue of the 4-potential A (see [60] EQ 22.19)
in charge-free regions of spacetime.
I do not think the presence of, or creation of, “black
holes” need cause any damage to our argument: charges
which avoid the holes obey our argument, and those which
fall into a hole either are irrelevant or become relevant if
they continue their journey around the universe by dragging the hole along for the ride – either way, our arguments
remain valid.

1. The universe has a topology. (Indisputable.)
2. There is a “topologically trapped magnetic field.” (If
the topology is such that this is permitted, it would
~
seem surprising if there were no trapped B-field.
The
onus certainly would seem to be on opponents of the
present idea, to think of any reason why there should
be none.)
3. Aharonov-Bohm phase shift varies continuously as trajectory varies. (Very hard to dispute. Otherwise
physics would admit peculiar discontinuities at arbitrary locations.)

38 In riposte, it has been argued to me that a rotationally excited
monopole would quickly decay by emitting e+ e− pairs. One may verify that if mm ≫ me and if the characteristic length scales (such as
−1/2 ) of the monopole are smaller than or comparable to its
hR−2
g i
Compton wavelength h/(mm c), then this decay mechanism is energetically highly favored even when n = 1. This might prevent any
attempt to spin a monopole up to high rotational quantum numbers.
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4. Certain theorems about topology work.
putable.)

(Indis-

39 Albeit Dirac’s and my proposals can be regarded as spiritually
related, except that now “the universe is the monopole.”
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and there is presently little or no experimental evidence favoring any particular topology for the universe, so nothing
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would have some extremely peculiar properties. The sole
basis for supposing they exist (and the only way they could
exist) is highly speculative theories of physics (grand unified
theories, superstring theories) which so far have essentially
no experimental support.
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